Two-dimensional (2D) superconductors have been well-known platforms for the study of a quantum phase transition (QPT). In granular or amorphous superconducting thin films, which was the initial 2D superconductors with the atomic layer thickness, a direct superconductorinsulator transition (SIT) was a consequence of the QPT occurring at zero temperature. The SIT has been long discussed based on so called "dirty-boson model", which is applied to the highly and homogeneously disordered systems 1,2 . In this scenario, the ground state is either superconductor or insulator distinguished by a quantum critical point (QCP), which is characterized by the critical sheet resistance and a critical tuning parameter for degree of disorder, magnetic field or carrier density. However, in recently-found highly crystalline 2D Here we propose a comprehensive quantum phase diagram including superconducting fluctuation outside the mean field phase boundary of highly crystalline 2D superconductors.
Introduction
Two-dimensional (2D) superconductors have been well-known platforms for the study of a quantum phase transition (QPT). In granular or amorphous superconducting thin films, which was the initial 2D superconductors with the atomic layer thickness, a direct superconductorinsulator transition (SIT) was a consequence of the QPT occurring at zero temperature. The SIT has been long discussed based on so called "dirty-boson model", which is applied to the highly and homogeneously disordered systems 1, 2 . In this scenario, the ground state is either superconductor or insulator distinguished by a quantum critical point (QCP), which is characterized by the critical sheet resistance and a critical tuning parameter for degree of disorder, magnetic field or carrier density. However, in recently-found highly crystalline 2D superconductors 3 , such as the gate-induced single crystal surfaces 4 and the mechanically exfoliated atomic layers 5 , the dirty-boson scenario for the magnetic field induced SIT needs to be modified using a different picture incorporating a wide quantum metallic state/vortex liquid state. Such a metallic state following the fragile zero-resistance state occurs because of the quantum creep motion of vortices originating from the minimal disorder and the extremely weak pinning.
Although the resistance in the quantum metallic state is nonzero, this state starts far below the mean field upper critical field (Bc2   MF   ) without showing localized behavior. Thus, the crossover or transition from the quantum metallic state to the normal state at low temperatures including superconducting fluctuation regime, emerges as a new unsolved problem of the QPTs in the highly crystalline 2D superconductors [6] [7] [8] [9] [10] 3 . Recently, there appeared a couple of clues for this issue. One is the gate-induced superconducting surface of a ZrNCl single crystal in which the finite size scaling (FSS) law of transport property does not obey the dirty-boson scheme any more 4 . Others are molecular-beam-epitaxy grown Ga trilayer 11 , NbSe2 monolayer 12 and 3 LaAlO3/SrTiO3 (110) interface 13 in which a different type of the QCP, the quantum Griffiths singularity 14 , was observed at ultra-low temperatures.
Here we propose a comprehensive quantum phase diagram including superconducting fluctuation outside the mean field phase boundary of highly crystalline 2D superconductors.
Based on the magneto-transport study in ion-gated ZrNCl and MoS2, we found that these 2D
superconducting systems commonly show the wide range of a quantum phase stemming from the very low magnetic field to a QCP beyond Bc2
MF
. Especially, the observed QPT is characterized by the diverging behavior of critical exponent toward a QCP known as quantum Griffiths singularity. This implies that the critical phenomenon below the QCP is described by the exponentially small but nonzero probability of large ordered regions, so called rare regions.
Such rare regions are interpreted as the superconducting puddles surviving in the normal state background with a long time and length scale at T → 0 K 15 , which evolves from the short-range ordered vortex state accompanied by the quantum vortex creep at low magnetic fields below
Bc2

MF
. The present observation strongly indicates that quantum fluctuation governs the wide quantum metallic state and its crossover to the quantum Griffiths state consisting of superconducting puddles, leading to a generic feature of highly crystalline 2D superconductors.
Results
Superconductivity and quantum metal in ion-gated ZrNCl and MoS2
ZrNCl and MoS2 are originally band insulators with honeycomb layered crystal structures (Fig. 1a) , both of which exhibit superconductivity by alkali-metal intercalation or field-effect doping 3 . We prepared electric-double-layer transistors (EDLTs) with those single-crystal flakes (see methods for details), in which almost all the carriers are accumulated in the topmost layer with 1~2 nm at high gate voltages, resulting in truly 2D superconductivity at low temperatures 4, 16 . B is described with the Hatree approximation as follows: has been experimentally applied first to magnetic metal systems [26] [27] [28] and recently to 2D superconductors [11] [12] [13] (see Supplementary Note 3 for details).
We have tested the scenario of the quantum Griffiths singularity by introducing the FSS law for magnetoresistance expressed as,
in various temperature regimes around the crossing points (see Supplementary Note 4 for details). 
Discussion
Based on the experimental data of the ZrNCl-EDLT, we provide schematic images of quantum Griffiths state (Fig. 4a ) and quantum metal (Fig. 4b) and propose a comprehensive phase diagram of highly crystalline 2D superconductors (Fig. 4c) , which is characterized by two crossover curves, Bc(T) (orange squares) and Tcross(B) (blue triangles), and a mean field curve (black solid superconductors govern the evolution of the ground state, stemming from the quantum metallic state at a very low magnetic field (Fig. 4a) to the quantum Griffiths state (Fig. 4b) , followed by the QPT above Bc2 It is noted that the quantum Griffiths state, which shows activated critical behavior with divergent exponent, is different from the phase separation or originally spatial inhomogeneity of the superconducting state as is discussed in LaTiO3/SrTiO3, which shows multiple critical exponents 30, 31 . In the early works on amorphous 2D superconductors, the quantum Griffiths singularity was not observed even at ultra-low temperature 23 . One possible reason for the absence of quantum Griffiths singularity, in addition to the measurement temperature range 11 , is the large amount of homogeneously distributed quenched disorder, in the conventional 2D superconductors 2 , which give a rather homogeneous effect. On the other hand, in highly crystalline 2D systems, the ordered regions and weakly disordered regions can coexist, which causes rare regions under sufficiently large magnetic fields, and thus leads to quantum Griffiths singularity. Therefore, the quantum Griffiths state is a signature of high crystallinity of the system. 9 In the recent study of mechanically exfoliated 2D NbSe2 5 , neither the single crossing nor the multiple crossing behavior has been observed, leading to the absence of the quantum Griffiths state. This is possibly due to the further reduction of the quenched disorder in 2D single crystalline NbSe2. In this case, the localization effect at low temperatures might be too small to observe the quantum Griffiths state.
In conclusion, we established the comprehensive quantum phase diagram including 
